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???????. ?????, ?????????? Nadel ??????, ?
?????????Kolla´r??????, ????????????????





???, Kodaira ???????????????????, ?? “semi-positive”
????? (??)?????????????????????????????
?. ??, [BCHM10]????????????? “positive”??????????
?????, “semi-positive ?”????????????????????. ??
???????? [Kol86a], [Kol86b]????????????????????
?????. ?????,




• ????, ?????????? Nadel?????? ([Mat15a])
• ????, ???????????????? Kolla´r??????????
(pseudo-eﬀective)???????? ([Mat13], [Mat14])





? ∂-???? L2-????????) ????????. ?????? L2-????
????????????????, ???, ???, ?????????????
??????????. ?????????, X ? n?????????????
??, F ? X ?? (??) ??????. ??? Kodaira ???????????
????.
?? 1 (Kodaira?????). ??? F ? positive (??, ??????? positive
?????????????)???, ??????? :
?? q > 0????, Hq(X,KX ⊗ F ) = 0.
???KX ? X ???????.
Kodaira ??????????????? ample ?? positive ???????,
X ??????????? “positive”? “ample”???????, ???????
???????????. ??????? Deligne-Illusie-Raynaud???????
?????????????? (??? [EV92] ???). Hodge ????????





Dolbeault ????????, ?????? Hq(X,KX ⊗ F ) ??????? ∂-
??????????????? :
Hq(X,KX ⊗ F ) ∼= Ker ∂ : C
n,q∞ (X,F )→ Cn,q+1∞ (X,F )
Im ∂ : Cn,q−1∞ (X,F )→ Cn,q∞ (X,F )
.
??? Cn,•∞ (X,F )? C∞-?? F ????? (n, •)-??????, ∂ ??????
? d? (0, 1)-?????. ??????, ???? F ????? (n, •)-?????
???????. ??, ???????????? A ????, A ????? ∂-?
????? u??? L2-??? ∥u∥h,ω ???????????. ???, h? F ?
(????????? positive???)????????, ω ? X ????????







??????. L2-???????????? u ????? C∞-????????
???????????. ?????????, u?????? ∆∂u = 0????
???????, ???????????????? C∞-???????????




∂ ?????? ∂-?????????. (∂∗
? ∂ ?????????.) ?????? u????, Bochner-Kodaira-Nakano?
???????




h u∥2h,ω + ⟨Au, u⟩h,ω
????. ???, ??? positive??????? ⟨Au, u⟩h,ω ≥ c∥u∥2h,ω ????.
??? D′h ??????? Dh ? (1, 0)-???, A ? A :=
√−1Θh(F )Λω ???.
(Λω ?????? ω ∧ •??????.) ??????? u???????????




????? ∂-???? L2-????????????????, ??????
Hq(X,KX ⊗ F ) ? L2-??? ∂-???????????? :
Hq(X,KX ⊗ F ) ∼=
Ker ∂ : Ln,q(2) (X,F )h,ω → Ln,q+1(2) (X,F )h,ω
Im ∂ : Ln,q−1(2) (X,F )h,ω → Ln,q(2) (X,F )h,ω
.
??? Ln,•(2) (X,F )h,ω ? L2-??????? F ????? (n, •)-????????.
(∂ ?????????????????.) ??????, ???????????
????????, ??? ∂-?????? u ? ∂-????? (??, ??????
∂v = u?? v ???)????????????.
??? positive????, ?????????????????????, ∂-??
? ∂v = u ?????????. ??, Bochner-Kodaira-Nakano ???????
?, ?????????????? α????
|⟨α, u⟩h,ω|2 ≤ ⟨A−1u, u⟩h,ω⟨Aα,α⟩h,ω
≤ C∥u∥2h,ω(∥∂α∥2h,ω + ∥∂∗α∥2h,ω)
?????????. ???????, g(∂∗α) := ⟨α, u⟩h,ω ?????????
? g : Im ∂∗ → C? (well-defined?)??????????????. ??, α?
Ker ∂ ???????????? α = α1 + α2 ????????
|g(∂∗α)|2 = |⟨α1, u⟩h,ω|2 ≤ C∥u∥2h,ω∥∂
∗
α1∥2h,ω ≤ C∥u∥2h,ω∥∂∗α∥2h,ω
????. ????, Hahn-Banach???? Riesz???????, ∂v = u? L2-
?? ∥v∥2h,ω ≤ C∥u∥2h,ω ???? v ???????. !
?????????????????, ?? L2-??????????????.
????????????????????????????, ?????????
???. ????, ???????????????????????. ?????
??, ?????????????????????. ??, ??????????





?????, ?????????? Nadel?????? ([Mat15a])??????
??. ??? Nadel?????????????????.
?? 2 (Nadel?????, [Nad89], [Nad90] cf. [Dem82]). h???? positive?
?? F ????????. ????, ??????? :
?? q > 0????, Hq(X,KX ⊗ F ⊗ I(h)) = 0.
??? I(h)????? h???????????.
????, ????, ???????????????. ?????, ??? F ?
C∞-???????? g ?????. ???, C∞-?????????? x ∈ X ?
????? Fx ???????? gx ?? {gx}x∈X ???, x ∈ X ???? C∞-?
????????. ?????, ???????? C∞-????????????
????????. X ?? L1loc-?? ϕ????
h := ge−2ϕ
?????????? h????????, ϕ ? (g ????)h ????????.
???? h???????? ϕ???? √−1Θh(F ) :=
√−1Θg(F ) + 2
√−1∂∂ϕ
??????. ?? ϕ? C∞-???? h? (???)C∞-???????????,
???????????????????, ??????????????????
???. ?? √−1∂∂ϕ? Schwartz??????????????, ??????
?? C∞-?? (1, 1)-????????? (1, 1)-???????. (???????
????????? ϕ? L1loc-????????.) ???????? (1, 1)-???
????? √−1Θh(F ) ≥ 0 ?????? semi-positive ??????. ????
? (????)√−1Θh(F ) =
√−1∂∂ψ ?????? ψ ????????????
?????. ??, ????????? ω ???? √−1Θh(F ) ≥ ω ??????
? positive??????. ????????? (z1, z2, . . . , zn)?????? δ > 0
5
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???? ψ − δ∑ni=1 |zi|2 ?????????????????. ???????
I(h)???? U ⊂ X ????
I(h)(U) := I(ϕ)(U) := {f ∈ OX(U) | |f |e−ϕ ∈ L2loc(U)}
???????????. ???? h ??? C∞-?? (1, 1)-?? γ ????√−1Θh(F ) ≥ γ ??????, ϕ ????? C∞-??????????????
?????. ???? h????????????????????????.
??????????????.









????, h := ge−2ϕ ? (g ?????????) ???????. ?????√−1Θh(F ) = (1/m)
√−1∂∂ log∑Ni=1 |si|2 ???, semi-positive ???????
??. (|si|? si ???????????????????????.) ?? h? “?
??”???????? (1/2m) log∑Ni=1 |si|2 ????????. ???????
????????? (algebraic singularities)??????. ??, {si}Ni=1 ????
????????????? D ????????? OX˜(−D) ?????????
?? π : X˜ → X ????, ??????? I(h)?




??????. ??? ⌊(1/m)D⌋ ?????????????????. ????
???????????????????? (??? [Laz04]???).
??? F ???? positive??????? h?????, F ???? (big)??
???????. (????? F ?????? n = dimX ??????????
???.) Nadel ?????? Kodaira ???????????????????
???. ??? F ??????????, F ???? positive?????????




?? 4 (Kawamata-Viehweg?????, [Kaw82], [Vie82]). ??? F ?????
?????, ??????? :
?? q > 0????, Hq(X,KX ⊗ F ) = 0.
?????, X ????????????? F ??????
?? q > n− κσ(F )????, Hq(X,KX ⊗ F ) = 0




?? 5. X ????????????????? F ??????
?? q > n− κσ(F )????, Hq(X,KX ⊗ F ) = 0
?????????.
F ?????? (??????????), semi-positive???????????
?????????????????????. ??????????? (metrics




????. ?????, F ⊗ I(hmin) ????????? positive ??????
?????????. ????????? (semi-positive ???????), F ?
positive(ample)??????? positive???????, ???????????
????????????. [Mat15a]??, ??????????, ???????
??? Nadel???????????.
?? 6 ([Mat15a]). hmin ??????? F ??????????. ????, ??
????? :
?? q > 0????, Hq(X,KX ⊗ F ⊗ I(hmin)) = 0.
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?????????????? I(hmin) ?????????????, ????
?????? (asymptotic multiplier ideal sheaves)I(∥F∥) ??????????,
??????? Nadel???????????????????? (??? [Laz04]
???). ??????????????????????. ????? arXiv ?
???? 10 ???? Guan-Zhou ????????????????????
(strong) openness conjecture????? ([GZ15]). ????, Hieˆp? Lempert?
???????????? ([Hie14], [Lem14]). ???? (????)?, ?????
?? ϕ?????????????? δ > 0???? I(ϕ) = I((1 + δ)ϕ) ???
????????. [DEL00, Theorem 1.11]?? I(h1+δmin ) ⊂ I(∥F∥) ⊂ I(hmin) ?
?????, ?????? F ????? I(hmin)? I(∥F∥)??????????.
???, ?????????????, ??????????????????.
?? 7. ??? F ??????? (??, ???? κ(F ) ???????? κσ(F )
?????)???, F ??????????????? I(hmin)????????
??? I(∥F∥)??????.
??????? F ??? (?? κ(F ) = κσ(F ) = n) ????????????
?. ??, F ??????????????? [Kaw85], [Nak85]????????
???.
?? 6???????????. ???????????????? Kolla´r??
??????????????????.
?? 6??????
??, ∂-???????? L2-???????????, ??????
Hq(X,KX ⊗ F ⊗ I(hmin)) ? L2-??? ∂-??????????? :
Hq(X,KX ⊗ F ⊗ I(hmin)) ∼=
Ker ∂ : Ln,q(2) (X,F )hmin,ω → Ln,q+1(2) (X,F )hmin,ω
Im ∂ : Ln,q−1(2) (X,F )hmin,ω → Ln,q(2) (X,F )hmin,ω
.
?????????? A????? F ????? (n, q)-?? u???. ??, ??
?????????? ω ?????. ??? positive????? hbig ???? L2-
??? ∥u∥hbig ??????, ??? Nadel????? u? ∂-?????????
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?. ??? ∥u∥hbig = ∞??????. ?????????? Fm ??? s???
???, Fm+1 ????? hmbighmin ???? L2-??? ∥su∥hmbighmin ????. ?
















?? ∥su∥2hmbighmin ??????. hmbighmin ???? positive ???, ??? Nadel
????? ∂-??? ∂v = su? Ln,•(2) (X,Fm+1)hmbighmin ??? v ????????
?. ??????????? hbig ?????????, ??, Ln,•(2) (X,Fm+1)hm+1min
?????????????. ????, ?? s?????????
Φs : H
q(X,KX ⊗ F ⊗ I(hmin)) ⊗s−−−−−→ Hq(X,KX ⊗ Fm+1 ⊗ I(hm+1min ))
??????????????.
?? Φs ??????????????????. ?? hmin ?????????
Y ?? C∞-?????, [Eno90]? [Fn12]????????????????. ?
??????????. ??? Y ?????????? ω˜ ???????????
? (????? ω˜ ????? [Fn12]???).
• ω˜ ≥ ω.
• ??? x ∈ X ??????? ω˜ = √−1∂∂Φ???????? Φ?????.
????, [Fn12, Claim 1]????
Hq(X,KX ⊗ F ⊗ I(hmin)) ∼=
Ker ∂ : Ln,q(2) (F )hmin,ω˜ → Ln,q+1(2) (F )hmin,ω˜
Im ∂ : Ln,q−1(2) (F )hmin,ω˜ → Ln,q(2) (F )hmin,ω˜
∼= Hn,qhmin,ω˜(F )
?????. ???, Hn,qhmin,ω˜(F )? Y ????????????. ???????
??????????????????????. ????? Bochner-Kodaira-
Nakano?????????, ???? u???? su?????????????
? ([Eno90]???). ???? Φs ???????.
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?????? hmin ?????????? C∞-???????. ???, ???
??? [DPS01] ??????????????, ?????? F ???????
{hε}ε>0 ???.
• hε ????????? Y ?? C∞-????.
• 0 < ε1 < ε2 ???? hε2 ≤ hε1 ≤ hmin ?????.
• I(hmin) = I(hε)?????
• √−1Θhε(F ) ≥ −εω ?????.
??? Y ? ε???????????????????????. ???????
?, hε ? Y ? C∞-???? Y ???????????????. ???????
????????, hε ???? semi-positive????????, ?? Enoki???
??????????. ???, ???????????? A????? hε ???
????? uε ????, suε ? “????”?????????????. ????
? limε→0 ∥∂∗suε∥hm+1ε ,ω˜ = 0 ???. ???, ?????? L2-????????
????, ∂-??? ∂vε = suε ?? vε ? ∥vε∥hm+1ε ,ω˜ ? (ε????)??????
?????. ???????
∥suε∥2hm+1ε ,ω˜ = ⟨∂
∗
suε, vε⟩hm+1ε ,ω˜ ≤ ∥∂
∗
suε∥hm+1ε ,ω˜∥vε∥hm+1ε ,ω˜ → 0
????. ???????????? uε → 0????????, ????????
??? A??????????. !
???? hε ???? semi-positive???????? suε ??????? “??”
???????. ?? “??”? L2-?????????????????????
???????. ???????, ?????????? ∂-?????? L2-???
???????????.
?? 8. q > 0, F ??????. ?? 6??, ∂-?? u ∈ Ln,q(2) (X,F )hmin ????
∂v = u????? v ∈ Ln,q−1(2) (X,F )hmin ???????. ??, L2-??????





???. ??? Kolla´r???????????????????????? Enoki
















?? 11??????{ ????: ??????????
????: ?? (pseudo-eﬀective)
???, ????? semi-ample ????, semi-positive ???????????
? Kolla´r??????, Enoki????????????.
?? 9 (Kolla´r?????? (Enoki??????), [Kol86a], [Eno90]). X ???
?????? (????????????), F ? semi-ample(semi-positive)???
????. ????, Fm ??? s(̸= 0)?????????
Φs : H
q(X,KX ⊗ F ) ⊗s−−→ Hq(X,KX ⊗ Fm+1).
??????.
?? 10. (1) F ?????? Fm(m > 0) ?????????????????,
F ? semi-ample??????.
(2) F ???? semi-positive??? C∞-????????, F ? semi-positive?
?????.
(3) ??? ε > 0????, F ? √−1Θhε(F ) ≥ −εω ???? C∞-??? hε ??
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???, F ??????? (numerically eﬀective, ??????? ) ??????.
X ?????????, ?????????????? C ????? (F · C)?
?????????????. ???????????????????. semi-
ample??? semi-positive?, semi-positive?????????, ???????
?????. ?????????????????????? semi-ample ???
semi-positive ???, Enoki ???? Kolla´r ?????????????. ??
??? Kolla´r ???????????????????. ??????????
[Sko78], [Tan71], [Ohs04]???????????.





?? 11 ([Mat13]). h ???? semi-positive ? F ????????. ????,
supX |s|hm <∞???? Fm ??? s( ̸= 0)?????????
Φs : H
q(X,KX ⊗ F ⊗ I(h)) ⊗s−−→ Hq(X,KX ⊗ Fm+1 ⊗ I(hm+1))
? (well-defined?)?????.
?? 12. (1) ?? s??????????? Φs ? well-defined????????









??, ?? 6???????, ???? h? F ??????? {hε}ε>0 ????
?. ?? supX |s|hm < ∞?? Y ? ε????????????????. ???
?????????, ???????????? A? hε ???????? uε ??
???. KX ⊗F ????????????????KX ⊗F ⊗ I(h) ??????
????, L2-??? ∥uε∥hε,ω˜ ? (ε????)???????????. ?????
? Enoki??????????????? limε→0 ∥∂∗suε∥hm+1ε ,ω˜ = 0 ?????
????. ??????????????????, sA????????????
????????. ?????? ∂-??? ∂vε = suε ?? vε ?????????.
?? 6????????????????, ??? vε ? L2-??? ∥vε∥hm+1ε ,ω˜ ?
?????. ????? ∥vε∥hm+1ε ,ω˜ ? (ε????)???????? vε ????
??????????. ??? F ???? (??? positive ?) ????????
?, ?????? vε ???????. ?? 11??????, ∂vε = suε ?? vε ??
????? L2-??? ∥vε∥hm+1ε ,ω˜ ?????????. ????????????




?????????????. ???, ?????? hε ???? positive????
semi-positive????. ????????????????. ?????? vε ??
??? suε ???????????, ∂-???????????????????
???. ???, ∂-????????????, ????? L2-??? ε?????
??????, ?????????????????. ???, ∂-??? ∂vε = suε
??????????? δ ??????? δWε = Sε ???????????. ?
?????????? ε????, δ ????????????????. ????
? δWε = Sε ?????????Wε ????, ???? vε ?????????.
?????? q = 1???????. X ?????? {Ui}i∈I ?? Ui ? (???
??)??????????. ????, ? Ui??? ∂-???? L2-???????
????????, Ui ?? ∂vε,i = suε ????, L2-??? ∥vε,i∥hm+1ε ,ω˜ ????
??? vε,i ???. ?????????????? Sε := δ({vε,i}) = {vε,j − vε,i}
????. ?????????????????????????????????
???, (??????????)Sε ?????????????, ?? S0 ????
???????. S0??????????? δW0 = S0????W0????. δ?
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??????W0 ???????????????. ????????? δWε = Sε
???? Wε ???, ????????? 0-????? Wε = {Wε,i} ?????.
????? {Ui}i∈I ?????? {ρi}i∈I ???, vε :=
∑
k∈I ρk(Vε,k−Wε,k)??
??, vε ?????????????????????. vε ? L2-????W0 ?
????????????????????. ???, (ε????)???????
??????????????????????????. ??????????
????, ?? L2-?????????????????????. !
???????????????????????. ??????????, ??
??????????????????????, ???????????.
?? 13. ???????????????????????. ???, ?? 8 ?






?? 14 ([Mat15c]). ?? π : X → Y ?????? X ?????? Y ?????
??????????. E ? X ??????, h???? semi-positive? E ???
?????. ????, ??????????? K " X ???? supK |s|hm < ∞
???? Em(m ≥ 0)??? s(̸= 0)?????????
Φs : R
qπ∗(KX ⊗ E ⊗ I(h)) ⊗s−−→ Rqπ∗(KX ⊗ Em+1 ⊗ I(hm+1))
? (well-defined?)?????. ??? Rqπ∗(·)? q ???????????.
E ? semi-ample ???? Kolla´r ??? ([Kol86a]) ???, E ? semi-positive
14
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???? Takegoshi ??? ([Tak95]) ???. ??, [Fn13] ??????????
? C∞-????????????????. ?????????????????
??. ?????m = 0??????????, Rqπ∗(KX ⊗E ⊗ I(h)) ?????
?????????. ?? 14???? [Tak95]?????? 11????????
????, m = 0???????????????? {Yε}ε>0 ?????????
????????????????????, ????????.
?? Kodaira???????????????.
?? 15 ([Mat15b]). ?? π : X → Y ???????????? X ??????
Y ??????????????. X ??????? E ??? Y ???????
? σ ???? (Nakano????) √−1Θh(E) ≥ π∗σ ???? C∞-??? h??
????. ????,
?? p > 0????, Hp(Y,Rqf∗(KX ⊗ E)) = 0
?????. ??, ?? H0(Y,Rqf∗(KX ⊗ E)) ∼= Hq(X ,KX ⊗ E) ???.
f ?????????????? Kodaira ????????. ???????
q = 0 ???? Ohsawa ???????, ???, Kolla´r ??????????
(X , Y ???????) ?? E ? ample ?????????????????
([Ohs84], [Kol86b]). ???????????????. ??, [Fn15, Conjecture
2.25]?????????. ??????????????????????? ∂-?
?????? L2-??????. ??????????????, [Fs15]?????
?????????????. [Kol86b]????????? semi-positive????
??????????????.
?? 16 ([Mat15b]). ?? π : X → Y ???????? X ?????? Y ??
????????????. X ??????? E ? (Nakano ????) ???
semi-positive? C∞-?????????. ????, ??? p, q ≥ 0????, ?
???????? (???)??
ϕp,q : H





• p ̸= p′, p+ q = p′ + q′ ???, Imϕp,q ∩ Imϕp′,q′ = {0} ?????.
??, X ????????????????,






?? 17. ???????????, ?? 15, ?? 16??????? F ?????
???.
?? 16 ? [Tak95] ?????????????????????????.
Takegoshi?????????????????? [Fn13]? [Mat15c] ?????




???????????? ([Fn13, Problem 1.8]) ????. ?????????
KLT????????????????, ????????????? L2-???
?????. ?????, ? LC ????????????? ([FST11] ???) ?













?, ??????, ?????????????. ???????????????
?????????. ??? JSPS?????????? ???? (B) ♯25800051
???????.
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